Transition metal dichalcogenide (TMD) heterobilayers are a new class of tunable moiré systems attracting interest as quantum simulators of strongly-interacting electrons in two dimensions. In particular, recent theory predicts that the correlated insulator observed in WSe2/WS2 at half filling is a charge-transfer insulator similar to cuprates, and upon further hole doping, exhibits a transfer of charge from anion-like to cation-like orbitals at different locations in the moiré unit cell. In this work, we demonstrate that in this doped charge-transfer insulator, tightly-bound charge-2e excitations can form to lower the total electrostatic repulsion. This composite excitation, which we dub a trimer, consists of a pair of holes bound to a charge-transfer exciton. When the bandwidth of doped holes is small, trimers crystallize into insulating pair density waves at a sequence of commensurate doping levels. When the bandwidth becomes comparable to the pair binding energy, itinerant holes and charge-2e trimers interact resonantly, leading to unconventional superconductivity similar to superfluidity in an ultracold Fermi gas near Feshbach resonance. arXiv:2003.13690v1 [cond-mat.str-el] 
Moiré superlattices [1] [2] [3] can be viewed as magnified crystals whose unit cell is of nanometer instead of angstrom size. Correspondingly, the relevant electronic phenomena in moiré superlattices is governed by the coarse-grained moiré potential and the extended Coulomb repulsion, with characteristic energy scale on the order of meV instead of eV. Thanks to the increase of length scale and the reduction of energy scale, moiré systems feature remarkable tunability through the control of twist angle and displacement field. A variety of moiré materials have emerged as exciting venues for studying and designing correlated electron phenomena with an unprecedented level of control. [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] Recently, moiré superlattices of transition metal dichalcogenides (TMD) [16] have attracted great interest as quantum simulators of strongly-correlated electron systems in two dimensions. [17] [18] [19] [20] [21] [22] By varying the twist angle, the relative strength of the bandwidth and electron interaction can be tuned, and a rich quantum phase diagram can potentially be realized. [23] [24] [25] Encouragingly, transport and optical experiments are starting to observe correlated insulating states in the TMD heterobilayer WSe 2 /WS 2 with n ≤ 1 holes per moiré unit cell. [26, 27] In particular, the insulating state at n = 1 is theoretically identified as a chargetransfer insulator with a cation and an anion at different locations in the moiré unit cell, corresponding to localized Wannier orbitals at the primary and secondary energy minimum of the moiré potential, respectively [28] . While a charge-transfer insulator is similar to a Mott insulator in terms of ground state properties, the key difference is that upon doping a charge-transfer insulator to n > 1, the additional charges fill a higher-energy orbital in order to avoid double occupancy [29] . A famous example of charge-transfer insulators is undoped cuprates [30, 31] , for which a link between charge-transfer physics and high-temperature superconductivity upon doping has long been proposed and studied [32, 33] .
In this work, we present a microscopic theory of charge pairing by Coulomb repulsion in TMD heterobilayers under a range of fillings n > 1. This counter-intuitive phenomenon occurs when the charge-transfer gap at n = 1 is small, so that two doped charges can lower their energy by polarizing their surroundings to form a tightlybound charge-2e "trimer" that consists of three holes on adjacent cations surrounding an electron on an anion. We show that the trimer costs less energy than two spatially separated holes for realistic forms of electron-electron interaction. When the single-particle bandwidth is small, we predict the formation of periodic density waves of trimers at certain doping levels n = 1 + p/q > 1 (p, q are integers), whose periodicity is commensurate with the moiré lattice. As the bandwidth of holes increases and becomes comparable with the binding energy of trimers, holes and trimers coexist and interact resonantly to form a strong-coupling superconductor, similar to a strongly-interacting superfluid in a Fermi gas near Feshbach resonance [34, 35] . Our theory of pair density waves and superconductivity in TMD heterobilayers is asymptotically exact in a certain regime of strong interaction and small doping.
We start by describing the single-particle electronic structure of TMD heterobilayers (e.g., WSe 2 /WS 2 ). Here, the topmost valence band of WSe 2 is reconstructed into a set of moiré bands by the periodic moiré potential resulting from the 4% lattice mismatch with WS 2 . Importantly, the moiré potential has two inequivalent local minima located at the AA and AB stacking regions, giving rise to two sets of localized Wannier orbitals. The AA (AB) orbital has a lower (higher) on-site energy for holes and can be regarded as anion (cation) like. Thus, the low-energy physics of a TMD heterobilayer can be faithfully mapped onto a two-dimensional diatomic crystal with one cation and one anion per unit cell. The effective Hamiltonian takes the form of an extended Hubbard model on the honeycomb lattice [28] :
where the A and B sublattices (colored black and red in the figures) correspond to the anion and cation, respectively. c † i creates a hole in the moiré valence band with charge e > 0, and n i = n i↑ +n i↓ . ∆ > 0 is the energy difference of cation and anion orbitals. For WSe 2 /WS 2 , ∆ = 14.9meV is extracted from first-principles band structure calculations [28, 36] .
Trimers-The hopping integrals t ij decrease exponentially as the moiré period L M increases. The on-site and extended two-body interactions U, V ij > 0 are given by Coulomb integrals in Wannier basis [28, 36] . Since U and V ij decrease as power law functions of L M , electronelectron interactions dominate over single-particle hopping at large L M . In this strong-coupling regime, the on-site repulsion U is the largest relevant energy scale. At the filling n = 1, the system is in an insulating state where all anions are singly occupied and cations unoccupied; i.e., n 0 i = 1 for i ∈ A and n 0 i = 0 for i ∈ B. Upon doping to n > 1, the additional n − 1 charges have to occupy the cations in order to avoid the large energy cost of double occupancy. To study the manybody physics at finite doping, we shall first identify the relevant charged excitations at n = 1. For this purpose, it is useful to rewrite H 0 in terms of δn i ≡ n i − n 0 i , the change of occupation relative to the ground state:
We have taken the U = ∞ limit so that double occupancy is forbidden. Then, there exist two types of elementary excitations: (1) electrons on the A sublattice of anions with δn = −1 (charge −e), and (2) holes on the B sublattice of cations with δn = 1 (charge +e). V c (V a ) is the self-energy of a hole (electron) due to its electrostatic interaction with all other charges in the ground state, Fig. 4 in the appendix for more information.
defined by V c (V a ) = j∈A V ij with i ∈ B (A) [37] . The Coulomb energies V ij decrease rapidly due to screening effects when the distance between sites i and j exceeds the distance to nearby metallic gates.
It follows from Eq. (2) that adding a hole to the chargetransfer insulator costs energy E e −µ, where E e = ∆+V c and µ is chemical potential for holes. Likewise, adding an electron costs energy E −e + µ with E −e = −V a . Transferring a charge from an anion to its adjacent cation creates a charge-transfer exciton, which carries an electric dipole. Its energy cost E d is less than that the sum of the electron and the hole energies:
where V 1 denotes the nearest-neighbor repulsion (see Fig. 1 ). E d > 0 defines the fundamental gap of the charge-transfer insulator to local neutral excitations.
Two holes cost energy 2E e when they are spatially separated. Alternatively, consider binding two adjacent holes with a neutral charge-transfer dipole. The result is a charge-2e composite excitation consisting of three adjacent holes on cations surrounding an electron at the center anion, a "trimer" (see Fig. 1 ). Its energy cost, written as E t = 2E e − b , differs from the two separate holes by a pair binding energy b :
where the second-nearest neighbor interactions V 2 and V 2 are within the A and B sublattice respectively, and · · · denote interactions at larger distance. In the second and third equalities, we have used Eq. (3) and V 2 ≈ V 2 . Importantly, in a range of realistic material parameters ∆ and V n (see Fig. 1 ), b is positive so that a charge-2e trimer costs less energy than two individual holes. The energy gain here comes mostly from the simple fact that pairing two holes into a trimer frees up three secondneighbor pairs in the system, which results in the −3V 2 energy reduction in Eq. (4). It is remarkable that despite the direct mutual repulsion, two doped holes can, at the expense of energy ∆, tightly bind together with a chargetransfer exciton to lower the total electrostatic repulsion energy.
As an example, for slightly twisted WSe 2 /WS 2 with a moiré period L M = 7nm and a distance to top and bottom gates equal to L M , a calculation using Wannier func-
where is the permittivity of the dielectric environment [36] . The Coulomb energies at larger separation are much smaller. The trimer binding energy is then found to be b = −14.9 + 72.8 meV.
The finding of charge pairing from Coulomb repulsion in a moiré superlattice is our first main result, which forms the basis for our theory at finite doping. Notably, previous works found an effective attraction between two added charges in small Hubbard-model clusters at intermediate U/t [38] [39] [40] or with extended interactions [41] . In this study of extended moiré systems, the pair binding energy is already manifest in the strong-coupling limit t ij = 0 without explicitly invoking any charge fluctuation or weakly coupled clusters. Note however, the fact crucial to our analysis that doped charges occupy quantized orbitals localized around discrete lattice points, rather than taking arbitrary positions in the continuum. It is this quantum-mechanical effect that leads to the quantized energy of trimers.
We also mention in passing that besides holes and trimers, other composite excitations can be energetically favorable in certain parameter ranges. These include (1) the electronic polaron (q = e), which is a bound state of a hole and a dipole, and (2) higher-charge excitations with q ≥ 3e. By comparing the energy cost of different types of charged excitations at filling n = 1, we identify the excitation with the least energy per unit charge-the cheapest charge excitation; see Fig. 1 .
Pair Density Waves-Building on these results on few-body excitations, we now study the many-body physics of TMD heterobilayers at fillings n = 1 + δ with small δ > 0, which are doped charge-transfer insulators. In particular, we shall develop an analytically-controlled theory to predict pair density waves and superconductivity under appropriate conditions.
For large moiré periods, to minimize the dominant Coulomb interaction, a periodic array of charge excitations of the least cost is favored. If the cheapest excitation is a charge-e hole, then the ground state of H 0 will be a commensurate charge density wave at e.g. the dopings δ = 1/7, 1/4, or 1/3, shown in Fig. 2 (a,c,e). Similar charge density waves have been discussed in the context of twisted bilayer graphene [42] .
On the other hand, if the cheapest charge excitation is a charge-2e trimer, then the ground state of H 0 is a pair density wave with a commensurate periodicity at dopings such as δ = 1/8, 2/7, or 1/3, shown in Fig. 2(b,d,f) . In particular, the pair density wave at δ = 2/7 (shown in Fig. 2d ) can be viewed as the closet packing of trimers with negligible inter-trimer interaction (involving only V n≥5 ), in contrast to Fig. 2f (which involves V n≥2 ). More generally, we predict that at low temperature, clean TMD heterobilayers with a large moiré period should exhibit a sequence of insulating density wave states at the following fillings when a commensurate triangular lattice of charge excitations is formed:
The integer q > 0 is the charge per excitation, and the integers r i ≥ 0 specify the Bravais lattice vector r 1 b 1 + r 2 b 2 of the commensurate density wave, with b 1 , b 2 denoting the two lattice vectors of the moiré honeycomb lattice shown in Eq. (5).
Resonantly-Paired Superconductivity -While Coulomb repulsion favors density waves, the singleparticle hopping term H K favors charge delocalization. In the following, we study the competition between Coulomb energy and kinetic energy in the interesting and experimentally relevant parameter regime b > 0, where the trimer has a lower energy than two separated holes in the limit t ij = 0 (the trimer region of Fig. 1 ). For simplicity, we will consider the scenario that the system is fully spin polarized, which is experimentally realized in WSe 2 /WS 2 under a small magnetic field (less than 1T at 1.6K) [26] .
Single-particle hopping t ij between cation sites on the honeycomb lattice leads to a dispersive band of doped holes. Then, the lowest-energy hole excitation is in the delocalized state at the bottom of this band. Its energy is E e − K , where K > 0 is proportional to the hopping integral t. In contrast, as a composite excitation, the trimer can only hop via a high-order process involving high-energy intermediate states (see Fig. 3a ). In the strong-coupling regime, the trimer hopping integral is on the order of t 3 /V 2 with V ∼ e 2 / L M and thus likely negligible.
With t ij = 0, it is important to consider the hybridization between trimers and holes. This occurs when a constituent e charge in a trimer hops back to the center anion, leaving behind two adjacent holes in a highenergy state due to their strong mutual repulsion V 2 . To lower their energy, these two remaining holes tend to hop away from each other. Thus, converting a trimer into two weakly-interacting holes that are sufficiently apart requires at least a second-order process, shown in Fig. 3b . Due to the large energy barrier in the pathway between the trimer and two free holes, the trimer remains a longlived quasi-bound state.
Therefore, at finite doping, we are faced with a mixture of charge-e holes and charge-2e trimers that are hybridized and at a total charge density δ. For small δ, the typical distance between doped charges is much larger than the moir'e period L M ; hence the underlying moiré lattice only plays a minor role. Thus, the essential low-energy physics is captured by a boson-fermion model in the continuum, which we introduce for doped chargetransfer insulators:
where ψ and φ denote the itinerant hole and immobile trimer, respectively.
According to band structure calculations for WSe 2 /WS 2 , t ij > 0 between nearest-neighbor cations. Hence the band of doped holes has two degenerate minimum at corners of the moiré Brillouin zone ±K = (0, ± 4π 3LM ) [28] , which are denoted by the valley index σ = ± in Eq. (6) . m ∝ 1/t is the effective mass at the band bottom. 0 = − b + 2 K with K ∝ t is the energy difference between a trimer and two delocalized holes at the band bottom. Since the hopping integral t changes significantly with the moiré period, the detuning parameter 0 is tunable by varying the twist angle.
Two types of interactions are included in our model Hamiltonian H δ and play dominant roles in the low density regime δ 1: (1) the extended Coulomb interaction V (r), whose range is determined by the distance to metallic gates, and (2) the local hybridization g between holes and trimers.
The form of the hybridization is dictated by symmetry. The trimer state with maximal spin is invariant under three-fold rotation around the center anion and odd under reflection which exchanges a pair of holes (fermions). Therefore, the trimer hybridizes with a valley-singlet pair of holes ψ † + ψ † − , which transform in the same way (note that reflection interchanges ±K). Despite being a weak local interaction, the hole-trimer hybridization can have dramatic consequences for our system at low density.
Our model exhibits an enormously rich phase diagram resulting from the interplay of (1) the kinetic energy of holes, (2) the binding energy of trimers, (3) Coulomb repulsion between charges, and (4) the hybridization between holes and trimers. In particular, we shall show that pair density wave and superconducting ground states emerge in certain parameter regimes.
If the hopping integral t in the microscopic Hamiltonian (1) is small compared to the binding energy of trimers b > 0 (see Fig. 3a ), then the kinetic energy of holes is of minor importance. Therefore 0 ≈ − b < 0, and doped charges go into trimers. At finite charge density up to δ = 1/3, the (screened) Coulomb repulsion V (r) between charges leads to a Wigner crystal of charge-2e trimers, which takes a triangular lattice structure. At the dopings specified by Eq. (5), this trimer Wigner crystal is commensurate with and pinned by the moiré potential. The resulting state is a gapped and insulating pair density wave. At sufficiently low doping where the average distance between trimers exceeds the range of V (r), the density wave state becomes fragile and potentially unstable to Bose condensation of trimers when their small hopping amplitudes are taken into account.
As the hopping integral t increases, the bottom of the hole band is lowered and eventually falls below E t /2, as shown in Fig. 3b . Correspondingly, the bare detuning parameter 0 changes from negative to positive. The true detuning parameter is renormalized by the holetrimer hybridization: = 0 − o(g 2 ) [43] . At negative detuning < 0, there exists a true bound state of two e charges, which is a superposition of a trimer and a cloud of two holes. At positive detuning > 0, no such bound state exists. However, when the detuning is small, lowenergy holes and trimers are strongly hybridized. Two e charges at low energy or large de Broglie wavelength scatter resonantly in the s-wave valley-singlet channel. Such resonant interaction is universally characterized by a large scattering length, which can exceed the range of screened Coulomb repulsion V (r). The scattering length is positive (negative) for > 0 ( < 0) and diverges at = 0. The physics of the resonant interaction via the trimer channel is reminiscent of a Feshbach resonance in an ultracold Fermi gas [34] . Similar to the latter, under the resonant condition, the ground state of our system at low doping is a superconductor with same-spin pairing in the valley-singlet channel (corresponding to f -wave pairing symmetry on the honeycomb lattice). A crossover between the Bose-Einstein condensate (BEC) and Bardeen-Cooper-Schrieffer (BCS) regimes [35] can be achieved as a function of doping density δ and the detuning . See Appendix A for a mean-field theory analysis.
It should be noted that the origin of the resonant interaction in our system is completely different from the case of cold atoms. Unlike the molecule formed by two atoms in empty space, the trimer is a charge-transfer excitation in a many-body "vacuum" at the filling n = 1. It is remarkable that spin-polarized superconductivity can be realized in a solid-state system with purely Coulomb repulsion.
Discussion-To summarize, we developed a strongcoupling theory to predict electron pairing from repulsion via charge-transfer excitations in TMD heterobilayers. We further predict insulting pair density wave states at a sequence of doping levels. Finally, we show that with the increase of electron itinerancy, the resonant interaction between itinerant holes and local charge-2e pairs leads to unconventional superconductivity. Our pairing mechanism may shed new insight on other moiré materials, such as twisted graphene multilayers, where charge redistribution under doping may be important [44, 45] and spin-polarized superconductivity may have been observed [46, 47] . We hope our prediction of new fascinating correlated states in moiré materials can stimulate further activity and find experimental realization soon.
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Appendix A: Additional Details
In this appendix, we will provide extra details on the low-energy excitations, followed by a mean-field theory analysis of the superconducting states starting from the lattice model in Eq. (1). We will consider the low density and strongly interacting limit:
where V n is the Coulomb repulsion between n-th nearestneighbors (see Fig. 5 ). We also assume that the spins are fully polarized, e.g. by an external magnetic field.
Electrostatics
In Fig. 1 of the main text, we showed which of the following three excitations has the smallest energy per charge, E/q:
trimer (q = 2):
Remarkably, for the above three excitations, this only requires knowing E d /V 1 and V BB 2 /V 1 ; ∆ and all V n are effectively absorbed into these two ratios.
It is remarkable that charge-2e pairing can occur from just repulsive interactions. The nontrivial chargetransfer insulating background is essential for the trimer stability; a trimer is not stable in the vacuum [48] . As an aid to intuition, we give an even simpler example of how this can occur in a finite system in Appendix B. In Fig. 4 , we show a more detailed diagram of the smallest E/q excitation when arbitrary excitations are considered. We also check for instabilities (shown in Fig. 6 ) of the charge transfer insulator, which occur in the "CDW" region of Fig. 4 and when E d < 0. The energy of other excitations and these instabilities depend on more than just E d /V 1 and V BB 2 /V 1 . Therefore, we show the locations of these other excitations and instabilities for the simple case when V n≥3 = 0. In Fig. 4 , dashed lines are used to depict boundaries that assume V n≥3 = 0.
We also estimate where in the phase diagram a slightly twisted WSe 2 /WS 2 with a moiré period L M = 7nm could be, which we show in Fig. 4 using red dots. The locations are calculated using ∆ = 14.9meV and the values of V n shown in Tab. I. ∆ and V n were calculated using Wannier orbitals and a Coulomb interaction V (r) that is screened by a pair of metallic gates, each a distance ±d from the TMD hererobilayer. [36] By modeling the gates as perfect conductors, the screened Coulomb interaction can be calculated using the method of image charges, yielding 1
When r d, V (r) decays exponentially. In Fig. 7 , we point out possible experimental evidence of insulating pair density waves of trimers from recently observed resistivity peaks [27] .
Mean Field Theory of Superconductivity
Here, we study the mean field theory of trimer superconductivity. Suppose that we are near the edge of the trimer region of the phase diagram, so that the trimer binding energy, b [Eq. (4)], is small:
We will also assume that excitations other than the charge-e hole and charge-2e trimers (such as the dipole and electronic polaron) have a large energy cost ∼ V 2 so that they can be ignored. The low-energy Hamiltonian thus consists of only the mobile holes c k on the cations, and bosonic trimers b a centered on the anions: The blue line at filling n = 9/7 is particularly interesting because it shows a large resistance peak at the same filling as the pair density wave in Fig. 2d . However, these peaks were not observed by the Cornell group [26] . Energetically favorable charge density waves at filling n = 3/2 are shown in Fig. 8 . The first term gives the dispersion of the holes, which hop on the triangular lattice of cations. At low density, δ 1, (k) can be expanded about its band minima ±K = (0, ± 4π 3LM ):
m ≈ 2/9t 2 where t n is the hopping energy between n-th nearest-neighbors. We have shifted (k) so that (±K) = 0.
The second term sets the energy cost of trimers. b † a creates a trimer centered at the anion a, and b † k creates a trimer with momentum k. 0 ≈ 6t 2 − b is the energy difference between a trimer and two holes at the band minima ±K.
The last term accounts for the conversion between a trimer and a pair of holes in the s-wave channel. The conversion amplitudeg can be calculated perturbatively; the leading contribution comes from the process shown in Fig. 3b and has amplitudeg ∼ t 1 t 2 /V 2 . 2 The "· · · " in H eff denotes other terms that could be included in H eff . We will ignore these terms in the following mean-field analysis because we do not expect these terms to be relevant in the resonantly-paired superconductivity regime of interest. To justify this, consider two potentially important kinds terms that we are omitting. The first is a trimer kinetic energy term, −t t a a b † a b a , where t t ∼ t 3 /V 2 is the trimer hopping energy, resulting from the perturbative process shown in Fig. 3a . However, we expect that near resonance, this term is negligible compared to the effective boson mass resulting from the couplingg to the fermions. The second potentially important terms are 4-fermion interactions, such as V ij n i n j . However, we will soon see [from Eq. (A16)] that near resonance, the fermion and boson operators scale as c ∼ b ∼ O( √ δ) at low density δ. Therefore the first term in H eff is O(tδ); the third term contributes O(δ 3/2g ) ∼ O(δ 3/2 t 2 /V 2 ); and a 4-fermion interaction would contribute O(δ 2 V ). Thus, we expect that the 4-fermion interaction is negligible when δ 2 V δ 3/2 t 2 /V , i.e. at the sufficiently-low doping δ (t/V ) 4 . To make a connection to H δ in Eq. (6) of the main text,
To make analytical progress, we consider the following mean-field approximation:
With this approximation, the low-energy Hamiltonian becomes quadratic:
where we take the dispersion to be k = 1 2m k 2 − µ. ∆ b is the superconducting order parameter. ∆ b > 0 will be assumed to be positive, without loss of generality. 2 The perturbative approximationg ∼ t 1 t 2 /V 2 formally also requires assuming V 4 V 2 so that V 4 only results in a perturbative correction to the final state energy in Fig. 3b .
The ground state energy can be written as
where D(E) is the density of single-particle states and k = d 3 k (2π) 2 Θ(W − k ) integrates over momentum states with energy k < W . W is a UV cutoff which should be taken to be roughly equal to the bandwidth: W ∼ 9t 2 ≈ 2m −1 . Evaluating the integral yields
The superconducting order parameter ∆ b can be calculated by minimizing the energy as a function of ∆ b , which yields
∆ b depends strongly on the chemical potential µ, which can be obtained from the filling constraint:
δ c is the density of holes. δ b is the density of bosonic trimers, which we approximate at the mean-field level: b † a b a ≈ b † a b a = ∆ 2 b /g 2 . There are two regimes: (1) BCS superconductivity when 0 −2µ + V 1 n 1 (n 2 + n 3 + n 4 ) + V 2 (n 2 n 3 + n 3 n 4 + n 4 n 2 )
− µ (n 1 + n 2 + n 3 + n 4 ) (B1)
Each site either has 0 or 1 fermions, n i = 0, 1, which is physically relevant when a large on-site Hubbard interaction prevents double occupancy.
The ground state phase diagram of the 4-site cluster is shown in Fig. 9 . The "no trimer" region is analogous to a change transfer insulator, while the "trimer" region is analogous to a trimer excitation of the change transfer insulator.
The ground states are easiest to understand in an ideal limit where V 2 = 0, ∆ = V 1 , and µ = 3 2 V 1 . Then H 4 = V 1 (n 1 − 1 2 )(n 2 + n 3 + n 4 − 3 2 ), and it's simple to see that the "no trimer" and "trimer" states are degenerate ground states.
